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Abstract. In this paper, both trigonometric and rational solutions to the Yang-Baxter
equation associated with the spinor representations of the quantum B, universal enveloping
algebras are obtained. The corresponding representations of the braid group and the link
polynomials are also computed through a standard method. The quantum Clebsch-Gordan
matrix, the quantum projectors and the solutions associated with the spinor representation
of the quantum B, are presented explicitly.

1. Introduction

The solution of the Yang-Baxter equation [1] plays a key role in some physical and
mathematical fields, such as the construction of solvable statistical modcls [2], the
computation of the representations of the braid group and link polynomials [3], the
evaluation of the correlation functions in the conformal field theories [4], and s0 on.

The trigonometric solutions associated with some representations of the quantum
Lie universal enveloping algebras g —% were obtained. The solutions for the minimal
representations of g — A, were obtained earlier [5]. Ogievetsky and Wiegmann [6] listed
the solutions for the minimal representations of some g—.%. Jimbo [7] presented a
systematic method for constructing the spectrum-dependent solutions, and computed
[8] the solutions for the minimal representations of ¢ — By, ¢ — C; and g — D;. In terms
of this method, Kuniba [9] computed the solutions for the minimal representation of
q — G, and we [10] computed the solutions for the minimal representations of g~ F;,
q — E; and g — E;. This method is also effective for constructing the solutions beyond
the minimal representations, especially for g— A,. We [11] computed the solution for
the octetrepresentation of g — A, where the decomposition of the coproduct §x8 is
not multiplicity free. In terms of the fusion procedure [12] some solutions beyond the
minimal representations can be obtained.

In this paper, we are going to compute the solutions to the Yang-Baxter equation
for the non-minimal and important representations, the spinor ones, of the quantum
B, (g— B,). At first, we will find the explicit form of the generator e, corresponding to
the lowest negative root. Secondly, in terms of the systematic method based on Jimbo's
theorem [7] we will compute the solutions qu(x) expressed as a sum of the quantum
projectors which are the product of two quantum Clebsch-Gordan coefficients. Thirdly,
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the rational solutions can be calculated through an appropriate limit process. At last,
by removing the spectrum parameter x, we can obtain the representations of the braid
group, and the link polynomials by a standard method [3].

From a mathematical viewpoint and for analysing physical quantities of the models,
it is important to obtain the explicit forms of the quantum projectors. In this paper,
we compute, as an example, the explicit forms of the quantum Clebsch-Gordan
coefficients, the quantum projectors and the Rq(x) matrix for the spinor representation
of g~ B;. Recently, Ge et al [13] calculated the .'iq without a spectrum parameter in
terms of the generalized Kauffman’s [14] state model. The result coincides, except for
a misprint in [13], with that obtained from our qu(x) by making the spectrum parameter
x vanish. In the solvable statistical models the spectrum-dependent solutions are
directly related to the Boltzmann weights, and may be more interesting.

The systematic method for constructing the spectrum-dependent solutions to the
Yang-Baxter equation based on Jimbo’s theorem [7] was introduced in our previous
paper [10]. In this paper we use the same notation as in our previous paper.

The plan of this paper is as follows. In section 2, we will find the explicit form
foﬂ( e,) of the generator ¢, in the spinor representation of ¢ — B;. For the decomposition
of the coproduct in two spinor representation spaces, we obtain the quantum Clebsch-
Gordan coefficients through a straightforward calculation in section 3. The quantum
projectors and the solution to the Yang-Baxter equation for the spinor representation
of g — B, are also listed in section 3. Generalizing the results for g — B;, we obtain the
trigonometric solution for the spinor representations of g — B, in section 4. Through
an appropriate limit process the rational solutions are obtained in section 5. Removing
the spectrum parameter in the trigonometric solution, we obtain the representations
of the braid group and the link polynomials associated with the spinor representations
of g — B; by a standard method in section 6.

2. Generators in the spinor representation of 4— B,

The states in the spinor representation N, of the quantum B, universal enveloping
algebra (g — B;) are denoted by the weights

3

m=Y (m}A;

=1
where A; are the fundamental weights, and N, is the highest weight in the representation,
Ny = A,. For simplicity we enumerate the states in this representation as in table 1,
and sometimes use the enumerations to denote the states. 2

According to the properties [10] of the subalgebras g—si(2) in g — B;, we can

obtain the representation matrices of the generators k;, ¢; and f. Hereafter, if no
confusion, h;, ¢; and f; denote the generator operators as well as their representation
matrices in the spinor representation, so do those with j=0.

h, = Df;v”(ht) =E33+ Eq— Ess— Egs

h,= D?"’( hy}) = Eyy— E33+ Eec— Eo7

hy= D)o(h3) = Eyy ~ Ey;+ Eyy— Eay+ Ess— Eggt+ Ev7— Egg

e = D?B(el) zf] = D:,O(ﬁ) = Eys+ Ey6

e = D?C'(el) =f2§ D:"(fz) =Epu+Eg

es=D}o(es) = fy= D}(f3) = Eya+ Esa+ Ese+ Exg (1)
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Table 1. Enumerations of the eight states in the spinor representation of g — B;.

where the tilde denotes the transpose, and E; is the unit 8 X8 matrix
(Eij)kl = Sikajl'- (2)

In fact, the forms of the generators in the spinor representation of ¢ — B; are the same
as those of B;.
In Lie algebra B;, the lowest negative root ry is

Fe=—T—2r,~2r;=—X» (3)
and the corresponding generators are

Ey=Fo=4H[[L£, L1 AL AL L) (4a)
Define

eo=fo =Ey=E;+Es,

ho=—hy—2h,—h;

ko= g™ =ki'k;’k3® (4b}

h 1/2h,

k,=g" k=g ky=gq

It is easy to check that those generators satisfy the quantum algebraic relations of
q- B, [8,10]:
[ i ;] 0
[hl's ej]=al}'ej [huf_r]z_ yf_;
—2h 2 -2
q;" —4; ki—k;
enf] 81_!' 5

=38, - (5)
qf“lj2 1%2 %‘2

1-a,
E ( 1) [ ]ze:—"u_"eje;’=0 ,‘;ej
qy

n=0

la‘

z (=) [ ”]qu,!‘“'f'"j}f?=0 i#]

n=0



1366 Bo-Yuan Hou and Zhong-Qi Ma

where i, j=0, 1, 2, 3, a; is the Cartan matrix, g, = ¢,=g, ;= q", and
q" —q "
[m],= =
q q _q H

[n] _[nlfn—~1],...[n-m+1],
m q— {m],[m—1],...[1],

Usuallv, we neelect the subscrint of [m1 when the subscrint i

Usually, we neglect the subscript of [m], when the subscript is g The prope
the generators have the same form for the spinor representation in both B, and g— B,,
holds for the spinor representations of g — Bj, because the eigenvalues of h; for these

representations are only £1 or 0.

3. Trigonometric soiution for g — B,
In B, the decomposition of the direct product of two spinor representations are
N0®N0=N1®N2®N3®N4 (7)

where N, =2A;, N,=A,, N;=A, and N,=0. The Clebsch-Gordan series for the
decomposition of the coproduct A in the direct product of two spinor representation
spaces of g — B, is the same as that for B; shown in (7).

In calculating the quantum Clebsch-Gordan coefficients we need to know the
combinations for the highest weights of N and the representation matrices of the
generators f; in N, where N denotes one of N, N,,..., N,. Denote the states in N
by {N, m) and the states in the coproduct by |m,)|m.), where m, and m, are given by
their enumerations. From the conditions for the highest weights

e|N, Ny=0
we have

[Ny, 002) ={1)]1)

|N2s010>=W11/2{q_”2|1>|2>—qm'z)ll)}
3 1/2
|N3,1oo>=([—6[][]—2]) {4 - g 23+ g2 - 24}
1/2
|N4,000>=(%) {a™ (1l - a BT+ 36 — a4l
—q"?5)a)+ g7 263y — 712 + ¢°I8) 1)} (8)

The representation matrices of the generators f; in the representation N can be
calculated by making use of the properties of the subalgebras g —si(2). The skill used
in {107 is useful when the weights are multiple. For example, the weight (100} is doubly
multiple in N,. We assume

| Ny, 022) = a| Ny, (100),) + b| N, , (100),) (9a)
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and we know from the properties of subalgebras q — si(2)
£INy,010y=(|N,, 112)
;i Ny, 022) =[2]"%|N|, 010}
ANy 112y =213 Ny, (100),)
e,/ Ny, (100),) =[2]"%|Ny, 112)
e;| Ny, (100))=0
where 1, for example, means —1. Now, we can calculate the coefficients @ and b

fiesfo| Ny, 022y = a[2]|Ny, (100),} = f3 faes| Ny, 022) = [2]| N, , (100),).

172 1/2
b={m—a2} =(ﬂ) . (9b)
[2] [3][2]

It can be proved by calculation that the quantum Clebsch-Gordan coefficients for
the decomposition of the coproduct in two spinor representations are invariant in the
Weyl refiection, so the g — CG matrix is a block matrix composed by four types of the
submatrices: eight 1x1 submatrices, twelve 2 x2 submatrices, six 4 x4 submatrices
and one 8§ %8 submatrix. The quantum projectors and the solution qu(x) also have

the same submatrix structure.
The first equation of (8) determines the i X 1 submatrix of g — CG:

(Cq)llNz(()OZ):l (Cq)llN2m=(Cq)llN3m=(Cq)llN4m=0‘ (10)

The Weyl reflections give the rows of all the 1 x 1 submatrices which are (m,, m,) with
m|=1,2,...,8.
The rows of 2 x 2 submatrices are (m,, m;) and (m,, m,) where

Therefore, we obtain

li
—_

a

(m,, my}=(1,2),(1,3),(1,5),(2,4),(2,6),(3,4),(3,7),
(4,8),(5,6),(5,7), (6, 8) and (7, 8). {11a)
The rows of 4 x4 submatrices are (m,, m,y}, (ms, my), (m4, m3) and (m;, m;) where
(m,,my, my, my)=1(1,4,2,3),(1,6,2,5)(1,7,3,5),
(2,8,4,6),(3,8,4,7) and (5,8,6,7). (115)
The rows of the 8 x 8 submatrix are
(1,8),(2,7),(3,6),(4,5),(5,4),(6,3),(7,2),(8, 1. (1ic)

The g — CG coefficients are listed in table 2, where the last lines in the tables denote
the common factors for the corresponding columns. For example, from table 2{b) we
read

1 _
(Cq)ZBNz(IOO) =[—ﬁ q 'l
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It can be shown from table 2 that the quantum Clebsch-Gordan coefficients have the

following symmetries:
(Cq)mlmsz=§N(Cq_')m2m,Nm (120)

where

vy =—bny=—En,=En,= 1. (12b)

Since the decomposition of the coproduct in two spin representations are multi-
plicity free, the spectrum-dependent solution to the Yang-Baxter equation can be
expressed as a sum of the quantum projectors due to the Schur theorem [10]

R(x) =L An,(x. )Pn, (13)
Py, =(Cwm,(Co)n, (14)
where Ay (x, g) can be calculated according to Jimbo's theorem [7, 10]:
{xX(q)N‘m',Nm+ Y(q)N‘m’,Nm}AN(xs q)=An{x, q){X(q)N'm‘,Nm +xY(q)N'm’.Nm}
(15a)
X(@)NmeNm = ) )y '(Cq)n;néN'm'D;\‘o(kO)n‘n,D?D(EO)ninz(Cq)nlnle
(15b)

Y(q)N’m',Nm = Z, , (Cq)n;rléN'm’DqNo(e())n;n,D?D(kal)ninz(Cq)nlnsz
nynanAn;

where m'=m+ry, and Dfﬂ(kn) is diagonal. In fact, we only need to consider the

equations {15) with m = N [10]. Through a straightforward calculation, we obtain the

Table 2. The quantum Clebsch-Gordan coeflicients for the coproduct in the direct product
of two spinor representation spaces for g — B,. {a) 2x 2 submatrix, (b) 4 x4 submatrix,
{¢) 8x 8 submatrix.

(a) N, N, (b) Ny N, N,
1,2 Vv g7 1,4 q -4 1 g7’
2,1 e —g'? 2,3 1 7 97" -¢7

1 1 3,2 1 g7 -q q
Factor W [2]—1’,2 4,1 q" Hq_‘ -1 —q

F . ( [3] )1/2 1 ( [3] )1,‘2
actor - I— - [ya—
[2] [6112] [2] [61[2]
(c) Ny N, N, N,
1,8 qs,fz _qz,fz _qyz 0 _q—s,fz_qs,fz ql,'z -3/2 —-9/2
2,7 qll'Z _ql,t‘z qSIZ 0 q-l,t‘2+ qT,’Z q—uz —51’2 . — 3—1."1
3,6 q1/2 qi,"l q—3,’2 ql,n'Z =972 __ ,3/2 q—:/j _q_;fz —_,n'l ,
4, 5 q—uz ql_.‘Z _q—lll _q3,f2 _q-7/2+q5/2 q— /. _q /. __q /!
5,4 qifz -3/2 _qlf2 —3/2 _q—s,fz+ q7/2 _q3,f2 qyz __qn,fz
6, 3 q—l;’2 —-5/2 3/2 _q—l,fZ =372 _ q')/Z qu,fl qlfs , q3,f2
7’2 q—l/2 _a—1/2 —-572 0 _ ~7/2 _ /2 _ql,fl -g / _q7,v‘2
81 q—:uz _q—3/2 _q—a,fz 0 q—s,tz+ q:uz _q—n‘z __qs,rz qy,rz
Fact 1 1 ([3})‘” 1 ([3])”2 1 ( {5] )'“ 1 1 ([31)”2 ( [5103] )‘”
actor e — | — — = — 1= P —
[277*  [21\[8) [21\[6] (41Y% \[ol[4121 [21*  [21\[6] [10][6][2]
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following non-trivial constaints:

X(q)N(N+rU),NN= y(q)N(N+ro),NN (16)

CANI=C(N'
—g©: 2 )X(q)N'(N+,U),NN= Y (g} N N+ro. NN

where the pairs (N, N') or (N’, N) are (N,, N,}, (N,, N5} and (N,, N,), and C:(N)
denotes the Casimir operators:

Ci(N)) =12 C{N) =10 CoN3) =6 C(N,)=0. (17)
Choosing

An(x 9) = (1-xg")(1-x¢°)(1—xq'%) (18a)
we have

An(x, g) = (x—g*)(1 - x¢°)(1 ~xq"")
Any(x, q)=(1-xg")(x—¢°)(1 - xq"") (18b)
An(x, q)=(x—q")(1-x¢°)(x—q").
If we define
R,=R,(0)=PN —g"Pn,— ¢°Pn,+ g Py, (19a)
and

R;'=1lim —¢ "*x7’R (x}) =Py, —q ' Pn,—q *Pn,+q Py, (19b)

x—» 00

then both Rq and qu_' are symmetric matrices and satisfy

(Rq_')mlm-_;,m[rré: (R;t)mzm,.mim{- (20)
It is easy to prove that qu(x) is also a symmetric matrix and satisfies
Rq(x)m,mz,m;mz = _qlsxsﬁq_'(x_])m;_m,,mim[- (21)

Therefore, we obtain

R, (x)=R,+x8,-x*q"*S, - x*q"*R’

(S5 mz i ms = (Sg) mam, mtomt

S,=—(g"+q°+q"°)Pn,+{(1+¢*+q'") Py,
+(1+¢*+q")Pn,— (0" + "'+ q" )Py,

y . 10 2
=(1-g*—g°+¢*)1-(1+¢q'")R,— q°R '+ 7(1—q2)2—[ 1611 }QPN.
g —q T4q q g~ q By q (5] s
The quantum projectors %, and Rq, S, all are the same type block matrices as
g — CG matrix. The explicit forms of the submatrices are as follows:

(i) Eight 1x1 submatrices:
@NI=1 97>~2=@,\,J=9’N4=0

v

Rq':l Sq__,_q2_q6_q]0
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(i) Twelve 2x 2 submatrices: s
1 {q 1) 1 (q“ —1)
Py =— - P =— P =P =
N [2](1 q 1 Ny {2] -1 g Ny g)NA 0
é=(0 q) s=( 1-¢° -q-q'—q" )
q g l_qz q _q_q‘.'_qn _q6+q8__ql()+q12
(i) Six 4 x4 submatrices:
1+4¢* g7 —q -q+q° g +q’
LBl [a7-a a7 -1+g' g g +q 4°-q"
©o[61[2]) —g+4’ g +q g'+g7~1+q* -q'+g
g +q’ I —q '+g g '+1
1 qg' -g -1
1 ¢ g% -1 —q7!
P =——
MTRPl-g -1 ¢ g
-1 —-¢7" ¢ 1
q—4 _q*3 q—: -1
#, <L) -¢7 ¢° -1 ¢
*[el2ilg -1 ¢ -¢
-1 9 -9 4
@quo
0 0 0 q*
g0 0 q g-q°
q 0 2 1— 4 _ 3+ 5
q q q*+q
g q-¢° —g+¢ (1-¢')1+g"
7 l_qd _q3+q5 qs_q'r _qZA,T,GA_QIZ \
5= _q3+q5 1_q2+q4*qa _qz_qé_qu _q+q3_qn+q13
7 qs_q:' _qZ_qB_q12 —q2+q4—q°+qs—qw+q]4 qs_qs+q|3_q|5
_q4+qs_q|0+q|2_q|4+qw

—qz—qﬁ—qu -q+q3—q“+q'3 P -gi+gi—g'

{iv) One 8 x 8 submatrix. We introduce some symbols to simplify the expressions:

b=g7*+q*=[4]/(2] c=q7"+q°=[10]/[5]

a=q '—q
d=q+1+q*=[6)/[2]  u=q7+q-¢"  v=-q7+q '*q.
93] 1 -¢ g™ q* -q q [3]
; 1 4'[4-q a'  al2]-1 -9 g°[2]-1 [3) g7
i -q° gt q([51-2) ¢’[2]-1 q i3] g7[21-1 —g7'
! poo DL |47 all-t ¢2-1 [4-¢ 0 g7 -t g
MU ¢ -q q 3] [41-¢ g¢7[20-1  24°-[3] q
- ¢R1-1  [3] ¢ @2-1 g7 (5)-2) a -¢*
q (31 ¢7M21-1 -¢' 24°-{3] q g i[41-q) 1
{3 g7 ~g~! g~ q —-g? 1 q7°[3]
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qd -g7'p qu g u - -u q’u —-d
—-g7'v e+vw g u g Ne—u) —u —qglc—u) -d q v
qv g 2w g '[2lc—u —glc—u) q'u ~-d ¢ ' (e—v) -v
@, = (5] ¢7%u g Mc—u) —glc-u) ¢%2]+q*u —d q % - -q ™
ol -4e —u qu —d a ' [2]+q*r —¢ '(c—v) glc—v) q'v
—u  —glc—u) -d g % —g Mc—-v) g[2le-v v g7'u
q’u -d  —g7'(c-uv) ~v qlc—1) ¢*v c+u —qu
\-d g% -t —g %u ¢’v g 'u -qu  gq7'd}.
a”’ gt g7 -¢g7 1 g' - -1
gt ¢ —¢q7 -¢* g g* -1 —gq!
—q7 —q7 g 97 -¢ -1 & q |
w B [-97 —¢* ¢ 47 -1 -g7' g 1
IR (3l I R L RS B L R A
' ¢ -1 -¢g' ¢ ¢ -9 -4
\-q -t ¢ g -9 -9 ¢ ¢
-1 —¢7' g 1 -9 -4 ¢ 4
g% —g¢F g% —g7d _q—4 q—J g 1
-¢% ¢7 -¢7 ¢ ¢ -¢7 1 —q
= —g5 ¢ —g72 g~ 1 - ¢
_ 8131 | -9t 9t -9 gt v -q ¢ g
“Upoel2 | gt 47 -7 1 ¢ - ¢ ¢
¢ —¢? 1 -q ~¢& ¢ -4 4°
-7t ¢ ¢ ¢ -¢ 9 -4
\ 1 -¢ ¢ -¢ -¢ ¢ -9 ¢
0 0 0 0 0 0 0 g
0 0 0 0 0 0 q° ¢'a
0 0 0 0 0 q 7’[2]a ~qa
] 0 n n a3 2n —a’a aSnh
R=| . o o 5 o1 5 .
0 0 0 q 0 g [2]la -g’[2]a q'a
0 0 q g’a  g¢’[2]la g[2]a® g a —g®ab
0 ¢ ¢la -ga ¢'2la g'a ¢[4]a°  g%ab
¢ q¢’a —-¢°a q¢'ab ga —gab  gfab  ¢°[3]a%b
0 ¢g2a -¢2a qa q’[2]a -g"a g''a -q'd
¢ [2]a 47[2)a? g'a —q%ab -9%a qlab -g'd -g°ab
-¢%2la g¢'a  q°[4)d° gtab ¢''a -q¢'d  —q°a(qc+b)  q’ab
qga —qtab gtab g°[3]ab -q'd ~q ab g ab —g a(e+gb)
““laa s g ~q’d  gl6)a’  —q'a(getd) glalge+d)  —q°ab
-¢°a  gtab ~-q'd —g’ab  —q®alge+b)  gPa?h ~g%ab g°alc+gb)
g'a -¢’d —-gtalqc+bh) q ab qalge+b) ~g’ab —4'%%b —q“a(c+qb)
\—qu —g*ab g ab -q'alc+gb) —q°ab g’alc+gb) —g"a(c+gb) —q“[é]az/

Ge et al [13] calculated the solution R, for the spinor representation of g - B, by
the generalized Kauffman’s state models. In their notation, their ¢ is equal to our g7'/2
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and their S is equal to our qu. Two results from two different methods are coincident
except for the 1 x 1 submatrices. The difference comes from an obvious misprint in [13].

4. Trigonometric solutions for ¢— B,

For B, the decomposition of the direct product of two spinor representations Ny = A, are
Ny® Ny= N®N,®... DNy,
N, =24, N=0 (22)
N,=A_ne 2=n=<]|]

The Casimir operators are
C{N,)=1{l+1)—n(n-1) 1sn<]+1. (23)

The representation matrices of the generators in the spinor representations of g — B,
are the same as those of B,. Corresponding to the lowest negative root r,

I
!‘0='—r1—2 z ’}
J=

the generators are
-1

ho=—h—h -2 Y% h (24a)
i

=2

eozé[- ' [f;"ﬁ-—l]’j;'—l] e ’.f]]sﬁ]sf;*l]! .- sz]- (24b)

Now the key for calculating the quantum Clebsch-Gordan coefficients and the
quantum projectors is to determine the explicit expansions of the highest weight states
which are easy to be obtained from the conditions that the highest weight states are
annihilated by the raising operator A(e;), 0<j=/ Clearly, we have

[N 24 =|A|An
IN2, Ay =217 A Ae — A — @' A — A A}

1/2
IN;, Aoy = ([—5[]7]) {730 2= A — g A = A A= A F A
Fglh— AL AN A — AD — gA s — ADA}
1/2
| Nagy Ara)y = (%j) {q—wz')ﬁ)“r—s —Ap- q_7f2|’\!—1 — A Aoa— A A

+q7 A= At AN~ A A — A

- q_l/2|/\1-2 - )tr)l)h-_a —AatA)— q”zlAH ~A,t AJ)IM-: —Ap
+ @Ay = Aot A = A A2 = Ao A

=" Ay — A F AN — A+ g7l = A[An)

The rule is very clear. For N,, the highest weight is N, = Aj_+,. The first term in the
expansion of the highest weight state is g™~ |A:} A~ we1 — As) where ¢ is the normalization
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factor, and « will be determined later. The difference between A; and Ao, —A; can
be expressed by simple roots of By

n—1
A=A~ A)=E (n '"J')"I—fﬂ'
i=1

There is a recursive way of obtaining the terms in the expansion from the preceding
term. Assume that we have a term ecq”|m,)|m,) with e =1 or —1, and m, +m, = A_, 1,
in the expansions. m, is the algebraic sum of some fundamental weight A;. If m,
contains a positive A;, j>[—n+1, there is a term —ecg®"*|m, —rMm,+r,) in the
expansion where s=1if j=1 and s =2 if j # I In this way we can obtain all the terms
in the expansion of the highest weight state from the first term. In particular, the last
term is c£,g°|As -1 = A)|A;) Where
]

2a=(n—1)+2n§_ (n=j)}=(n—1)

j=2
&= (_I)Z;?::(n—j) — (_l)n(n—n/z_

The normalization factor is proved to be

_T ([1+2;‘])”“
s \[2+41/

It is straightforward to calculate the expansions of all the states in the representation
N, by using the lowering operator A{f), 0<j=<1/ on the highest weight state. The
coefficients in the expansions are just the quantum Clebsch-Gordan coefficients. Note
that £, describes the symmetry of the Clebsch-Gordan coeflicients (see (12)). The
quantum projectors are the product of two quantum Clebsch-Gordan matrices.

Qur next task is to show how many pairs (N, N’) or (N’, N} occur in (16). It is
casy to check that A;+ry=A;— A, is a Weyl reflection of A;_, (j=2). Therefore, the
only possible pairs are (N,,, N,.,) or {N,, N,.;). When k,® ¢, and e,@k;" act on the
highest weight state of N,,, n <[ they do not change the relative ratio of the neighbouring
terms. From the expansions of the highest weight states and the next highest weight
states, we can obtain (16) with the only possible pairs

(Nl’NZ) and (Nn, Nn+2) 1‘-<-n‘-<—l_1.

This conclusion coincides with a theorem [ 17] that only those representations with the
different ¢ can occur in the pair.

From these properties we obtain the trigonometric solutions to the Yang-Baxter
equation for the spinor representations of g — B; as follows

R (x}=(1—x¢>){1-x¢%...(1-xg*")P,,,

YO0 (-g%%) T (1—xg¥% I1 (1-xg™2)2, . .

n=1 i=1 j=n+1 k=1
n2 l’ll ) a . ﬂz

+ X H](l—xqs"ﬁ) H1 (x—qg"z)k [ (1-xg*2,_,, (25)
n=1i= i= =n+]

where A, =0 and
n=n=1/2 when [ is even

. (26)
n=n+1=(1+1}/2 when [ is odd.
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Removing the spectrum parameter x, we have
i
R,=R,(0)= Py + T (-)" g,
n=1

R; =)1(i_12°(—1)'q_2’2x"ﬁq(x)

(27)

1—n

I
=952M+ Z (_l)n(n+l)/2q-n(n+l)@l\
n=1]
where the quantum projectors P are the product of the quantum Clebsch-Gordan
coefficients

(@N)m1m;.m{mi=z (Cq)m,msz(Cq)m{miNm (28)

where the summation is over the multiple weights m=m;+m,=mi+m5. If m is a
simple weight, #., only contains one term. The explicit forms of &, can be calculated
in a straightforward but tedious way.

5. The rational solutions for g — B,

The rational solutions R{u, n) can be obtained from the trigonometric ones through
the following limit process [7, 15]:

PR,(g™'")
(1 _qZu,fT,)J

=(1+n/w){(1+37/u) ... (1+ Q2= )n/u) Py,

R(u, )= PR (s, 1) =im
q—

+3 [ a-Wi=-3m/w) [ 0+ -3n/0

n,

x [l (1+(@dk-1)n/u)P, _, .,

k=1

+ 3 T+ Gi=3)/0 [ A-@-Dn/w
x Tl a+@k-1a/w)p,., (29)
k=n+1

where n, and n, are given in (26), P denotes the transposition and Py are the projectors
for Lie algebra B;

PN=@N1q=l- (30)
For ¢ — B;, we have
R(u, 7)=(1+n/u)(1+3n/u)(1+50/u) Poy, +{(1—n/u)(1+3n/u)1+5n/u) P,

+(1+1/w)(1 =39/ u}(1+5n/u) P, +(1—n/u){(1+35/ul1-5n/u)P,.
(31)
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6. Representations of the braid group and link polynomials

From the Yang-Baxter equation, the solution R without the spectrum parameter
satisfies the similar relations to those in the brald group B,, so it is easy to obtzin a
representation of B, from R The representation matrices of the generators b; of the
braid group, l<i=n—1, are defined as

D(b)=1"®17®.. .®1]("_”®Iéq®1!("+2)®. L®1 (32)
They satisfy

D(b,}D(b;) = D(b;)) D(b;) ii—j|22

D(b;)D(b;.,) D(b,) = D(bis1) D(b;) D(b;.,).

Since the eigenvalues of K, are (—1)’V""?¢/U™) 0=j=1 we have the reduction
relation as follows

(33)

[T {D(6) = (—1/U"/3¢/4* ) =0, (34)

Any oriented link is equivalent to a closed braid denoted by L(A, n), A€ B,. From
the Markov theorem, the equivalent closed braid can be related by a set of Markov
moves. Therefore, a link polynomial & (A, n) corresponding to the closed braid L(A, n)
should satisfy the conditions

a{AB, n)=a(BA,n) a(AbE  n+1)=a(A, n). (35)
By making use of the standard method [3], we have the link polynomials associated
with the spinor representations of q—B, as follows

) 7\ #4172

a(A, n)=(77)" "7V \ ) Tr{VD(A, n)} (36)
where e(A} is the exponent sum of generators in A, and V=v®"[15]

U = amm’{(cq)mr?ll)()}z = amJﬂ'q—4p(m]/dN0(q:, (37)
where p denotes the Weyl operator

p(m) = (p, m)=4 (1, (@™ )y(m); =4 T (m)jQI=)+Hm)"  (38)

and the quantum dimension
dn(q) =2 7% (39)

1t is easy to prove from the symmetries of the g — G matrix that
[(v@uv), R;]=0

g{(u@)v)éq}m,m,mzm = By, T

T{O® )R, Yo mmgm = Sonymg T (40)

r=q "/ dn(q) F=q"/dn(q)

The Skein relation can be expressed as

(A 1 (b:— )J(J+1)/2qJ(J+I)+12)B ) =0 (41)
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where A, BeB,, 1si=n-1, and «a(A(c,A;+c,B)B, n) is understood as
c,a(AA, B, n)+ c;a(AB, B, n). For a simple loop, the link polynomial is a{E, 2)

a(E,2)=(77)""2=dn/(q). (42)
For ¢ — B;, we have
4p(m)=10(m), +16(m),+9(m),

[10][6](2]

al(E, 2)=dy(q) = [5103]

and the Skein relation is

alAbIB, n)=q¢°(1—q°— ¢*+q")a(Ab} B, n)
+q°(1+4*—q°— ¢+ 4"+ q'*)a(AbIB, n)
+g¥(1—q°—¢""+q")a(AbB, n)— g °a(AB, n). (43)
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